BOUNDED GAPS BETWEEN PRODUCTS OF PRIMES WITH
APPLICATIONS TO IDEAL CLASS GROUPS AND ELLIPTIC CURVES

FRANK THORNE

ABsTrRACT. In the recent papers [12, 13|, Goldston, Graham, Pintz, and Yildirim use a variant
of the Selberg sieve to prove the existence of small gaps between E> numbers, that is, square-free
numbers with exactly two prime factors. We apply their techniques to prove similar bounds for
E, numbers for any r > 2, where these numbers are required to have all of their prime factors
in a set of primes P. Our result holds for any P of positive density that satisfies a Siegel-Walfisz
condition regarding distribution in arithmetic progressions. We also prove a stronger result in
the case that P satisfies a Bombieri-Vinogradov condition. We were motivated to prove these
generalizations because of recent results of Ono [22] and Soundararajan [25]. These generalizations
yield applications to divisibility of class numbers, nonvanishing of critical values of L-functions,
and triviality of ranks of elliptic curves.

1. INTRODUCTION AND STATEMENT OF RESULTS

In a recent series of papers [11, 12, 13], Goldston, Graham, Pintz, and Yildirim (GGPY) considered
the problem of bounding gaps between primes and almost primes. Goldston, Pintz, and Yildirim
proved in [11] that
(1.1) lim inf 22— Pn

n—0o0 logn
and Goldston, Graham, Pintz, and Yildirim gave an alternate proof [12] of (1.1) based on the Selberg
sieve. In the latter paper, the authors also observed that their method could be successfully applied
to Eo numbers, that is, square-free numbers with exactly two prime factors. In [13] these authors
proved that

(1.2) liminf(gni1 — gn) < 6,

where ¢, denotes the nth Es number. They further showed that their method was highly adaptable,
and obtained bounds between nonconsecutive almost-primes ¢, and ¢4, for any v, and between E5
numbers whose prime factors are both congruent to 1 modulo 4.

The reason for this adaptability is the following. The proofs in [11, 12, 13] proceed by considering
a sum of the shape

(1.3) SzZ(Zx(n—i—h)—l) DR YE I

=N \heH d| 1, (n+h)

where x(n) is the characteristic function of the primes or of a related sequence, H is a finite set of
integers, and the \; are (real-valued) Selberg sieve coefficients, which have the property that the
squared term is very small if [ [, (n+h) is divisible by many small primes. If S > 0 asymptotically for
large N and a fixed choice of H, then this argument proves the existence of bounded gaps between
the integers counted by x(n).
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In this paper we will exploit this adaptability and prove the following rather general theorem:

Theorem 0. Suppose P is an infinite set of primes of positive density satisfying certain conditions
to be described later. Let v and r be positive integers with v > 2, and let q, denote the nth E,.
number whose prime factors are all in P. Then

hm inf(qn_H, - Qn) < C(T, v, P)?

for an effectively computable constant C(r,v, P).

“Theorem 07 is the general statement of our main results, and a precise formulation will be
given as Theorems 2.1, 2.2, and 2.3. The conditions on P are the Bombieri-Vinogradov or (for
r > 3) Siegel-Walfisz conditions, which require that the primes of P be well-distributed in arithmetic
progressions; these conditions will be defined precisely in Section 2. The constant C(r, v, P) may be
easily computed in particular cases.

We remark that some related results have also been obtained independently by Jimenez-Urroz
[15].

Our work was largely motivated by the case where P has Frobenius density. This means that
there exists a Galois extension K/Q with the property that those primes p € P, up to finitely many
exceptions, are distinguished as those primes for which the Frob(p) constitute a fixed conjugacy
class or a union of conjugacy classes in Gal(K/Q). The Chebotarev Density Theorem implies such
a set indeed has a positive density in the set of all primes, and a result of Murty and Murty [19] (see
Lemma 3.1) implies that P satisfies our Bombieri-Vinogradov condition.

We can use Theorem 0 to prove several corollaries. The first of these, a number field analogy of
(1.2), is immediate:

Corollary 1.1. Suppose that K/Q is a Galois extension, and r > 2 is an integer. Then there exist a
constant C(K) and infinitely many nonconjugate pairs of ideals a and b, each with exactly r distinct
prime factors, whose norms differ by at most C(K).

Another application is suggested by the work of Ono [22] and Balog and Ono [1] regarding
elliptic curves and non-vanishing of modular L-functions. We start by recalling some notation (see,
e.g., [17, 24] for definitions). Given an elliptic curve E/Q, we denote by L(FE,s) its Hasse-Weil
L-function, and we define the Mordell-Weil rank rk(E) := rk(E, Q) to be the rank of the (abelian)
group of rational points on F over Q. By Kolyvagin’s work [18] on the Birch and Swinnerton-Dyer
conjecture, we have rk(F) = 0 for any E for which L(E, 1) # 0.

If E is given by the equation

E: y*=2>+ax’+bx+c
we define, for a fundamental discriminant D, the D-quadratic twist E(D) by the equation
E(D): Dy*> =23+ az®+bx+c

It is natural to consider the set of D for which L(E(D),1)) # 0. Goldfeld [10] conjectured that for
an elliptic curve E/Q with conductor N, we have

1
(1.4) > ordey(L(E(D),s)) ~ 5 >
|D|<X, |D|<X,
ged(D,N)=1 ged(D,N)=1

where D ranges over all fundamental discriminants D with —X < D < X. The strongest known
result in this direction is due to Ono and Skinner [23], who proved the lower bound

(1.5) #{|D| < X : L(E(D),1) # 0 and ged(D,N) =1} > %'
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Moreover, for elliptic curves E/Q without a Q-rational torsion point of order 2, Ono [22] improved
(1.5) to

where « is the density of a certain set of primes Sg. Although these results are strong, they do not
imply the existence of infinitely many bounded gaps between such D.

However, Ono’s proof of (1.6) gives an explicit description of a set of D satisfying the above
conditions. Specifically, there is an integer D and a set of primes Sy with positive Frobenius
density (see Section 3) with the property that for every positive integer j we have

L(E(Dgpipz2 - --p2;),1) #0
and
tk(E(Dgpip2 - .. p2;),Q) =0

whenever pi,pa,...,p2; € Sg are distinct primes not dividing N. Taking j = 1, Theorem 2.1 then
implies the existence of bounded gaps:

Theorem 1.2. Let E/Q be an elliptic curve without a Q-rational torsion point of order 2. Then
there is a constant Cg and infinitely many pairs of square-free integers m and n for which the
following hold:

(1) L(E(m),1) - L(E(n),1) # 0,

(i) tk(E(m)) = rk(E(n)) =0,
(iii) |m —n| < Cg.

The constant C'r can be explicitly computed, and in Section 6 we give an example of this result
for the elliptic curve Xo(11).

Remark. The analog of Theorem 1.2 (i) holds for any even weight modular L-function associated to
a newform with non-trivial mod 2 Galois representation (see Theorem 1 of [22]).

We also consider the work of Balog and Ono [1]. For a large class of elliptic curves E, Balog and
Ono prove lower bounds on the number of quadratic twists F(n) with zero rank, with the additional
property that their Shafarevich-Tate groups contain an element of order ¢ € {3,5,7}. For “good"
curves E, they prove that these properties hold for the quadratic twists E(—Mps ... pas), whenever
there is a solution to the Diophantine equation

(1.7) Mepy . .. poe = m* —n?

for certain values M and ¢, where the primes p; are restricted to a set P satisfying a Siegel-Walfisz
condition. Balog and Ono then use the “circle method” to prove a lower bound for the number of
solutions of (1.7). It is natural to ask whether a result similar to Theorem 1.2 can be proved in this
situation. Such a result would follow immediately if we could extend the result of Theorem 2.3 to
the situation where we impose the additional condition (1.7). This problem is more difficult, and it
suggests a potential application of bounding gaps between E, numbers for larger values of r.

Although we do not currently have a proof, we can apply our methods to a related question
concerning divisibility of class groups of quadratic fields. Balog and Ono’s proof in [1] proceeds by
using a result of Soundararajan [25], which shows that for any integer g > 3, the ideal class group
Cl(Q(v/—d)) contains an element of order g for any d satisfying a condition similar to (1.7). In the
case g = 4, Soundararajan gives a simple classification of such d, and thereby proves that for any
positive square-free d = 1 (mod 8) whose prime factors are all congruent to +1 (mod 8), the class
group ClI(Q(v/—d)) contains an element of order 4.
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Theorem 2.1 implies the existence of bounded gaps, and we can easily obtain an explicit bound.
(See Section 2 for the definitions of Hypothesis BV and admissible tuples of linear forms.)

Let P be the set of primes =1 (mod 8), and let P’ be the set of primes = 7 (mod 8). P and P’
each satisfy Hypothesis BV(%, 8); i.e., they have level of distribution 1/2 and are well-distributed in
arithmetic progressions to moduli coprime to 8. We now choose a k-tuple £ = {8n + b;} with each
b; =1 (mod 8). Then half of the E; numbers represented by linear forms in £ will have both prime
factors either in P or in P’. (In the notation of Theorem 2.1, we have dp(M) = 1/2, and we are
appealing to the remark following Theorem 2.3.)

Applying Theorem 2.1 with 6 = 1/8 and M = 8, we may take k = 6. One 8-admissible 6-tuple
with each b; = 1 (mod 8) is {8n + 49,8n + 65,8n + 73,8n + 89,8n + 97,8n + 113}. We therefore
obtain the following result concerning ideal class groups of imaginary quadratic fields.

Corollary 1.3. There are infinitely many pairs of E5 numbers, say m and n, such that the class

groups Cl(Q(v/—m)) and Cl(Q(v/—n)) each contain elements of order 4, with
|m —n| < 64.

There are other applications of these results, and we conclude by briefly describing an application
to the nonvanishing of Fourier coefficients of modular forms. By the theory of Deligne and Serre [§],
if f(z) =Y, a(n)g™ € S1(To(N), x) is a weight 1 newform, then the set of primes p for which
a(p) = 0 has Frobenius density ¢ with 0 < § < 1. By the multiplicativity of Fourier coefficients
of newforms, almost all of the a(n) (as n ranges over all integers) are zero. However, our results
prove the existence of bounded gaps between those n for which a(n) does not vanish. Moreover, for
newforms of higher integer weight, the theory of p-adic Galois representations implies that almost
all of the a(n) vanish modulo p, for any prime p. In this case, we obtain bounded gaps between
those a(n) that do not vanish modulo p.
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2. PRELIMINARIES, NOTATION, AND PRECISE STATEMENT OF RESULTS

In order to properly formulate our main results we need to introduce some hypotheses and nota-
tion.

2.1. Distribution conditions on P. We start by defining the Bombieri-Vinogradov (BV (9, M))
and Siegel-Walfisz conditions that our set of primes P may satisfy. These conditions are analogous
to the Bombieri-Vinogradov and Siegel-Walfisz theorems on the distribution of primes (see [7]), but
we will require something slightly more than the direct analogues of these theorems.

Assume an infinite set of primes P is given. We will require that P be well-distributed in arithmetic
progressions modulo m for every m coprime to a fixed modulus M. For any m coprime to M, let
P, denote the set of primes in P congruent to m modulo M. For each m, assume that P,, has
a (natural) density d(m) > 0, and for any N and ¢, and any a coprime to ¢, define an error term
Ap, (N;q,a) by the equation

1
(2.1) Ap,(Niga):= Y 1—7) >
N<p<2N N Zp<on

p=a (mod q) PEPm
PEPm
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We say that P satisfies Hypothesis BV (9, M), or equivalently, has level of distribution 9, if for each
m coprime to M, and for any positive € and A,

(2:2) > max Ap, (Nig,a) <ca Nlog " N.
g<NO—« (a,q)=1
(g, M)=1

We say that P satisfies a Siegel- Walfisz condition for M if for each m we have

(2.3) Ap, (Niq,a) <ca Nlog™* N

m

uniformly for all ¢ with (¢, Ma) = 1. If (2.3) holds, we may readily check that the same bound holds
with the condition p < N substituted for N < p < 2N in (2.1).

We will not need assumptions about products of primes of P. Instead, we will use a result of
Motohashi [20] and Bombieri, Friedlander, and Iwaniec [3] to prove that an appropriate result of
Bombieri-Vinogradov type will hold for a sufficiently large set of almost-primes formed from P.

2.2. Linear forms and admissibility. Following [13], we shall prove our results for k-tuples of
linear forms

Our results take the shape that for any admissible k-tuple with k sufficiently large, there are infinitely
many x for which at least two L;(x) simultaneously represent E, numbers with all prime factors in
P.

Our admissibility constraint is as in [13]. Specifically we require that for every prime p there
exists z, € Z such that

k
(2.5) p 1 [[(aiz, +b).
i=1
Equivalently, {L;(x)} is admissible if there is no z such that the L;(z) represent all congruence
clagses modulo p for any prime p.
As we are considering sets of primes P which may fail to be well-distributed modulo M, we must
introduce a further constraint and restrict attention to k-tuples for which the dependence modulo
M can be controlled. We will say that a k-tuple is M-admissible if each a; is “exactly” divisible by M:

Definition: An admissible k-tuple £ = {Li,..., Ly} is M-admissible if for each i, M divides
a; and is coprime to a; /M.

We will be primarily interested in the case aj =--- =ay = M.

In fact, as we will argue, we may assume without loss of generality that an M-admissible k-
tuple £ may be replaced by one satisfying a stronger condition which we label Hypothesis A(M).
This condition is a combination of M-admissibility and the condition Hypothesis A occurring in [13].

Hypothesis A(M): £ = {L1,...,Lx} is an M-admissible k-tuple of linear forms. The func-
tions L;(n) = a;n + b; (1 < i < k) have integer coefficients with a; > 0. Each of the coefficients a;
is composed of the same primes, none of which divides any of the b;. If i # j, then any prime factor
of a;b; — a;b; divides each of the a;.

We may justify the introduction of this hypothesis using the renormalization argument in [13], incor-
porating a variation suggested by S. Graham. We sketch the proof here, highlighting the variation.
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We define a quantity Ay by the expression
k

(2.6) AO = Ao(ﬁ) = H a; H |6Libj — ajbi\

=1  1<i<j<k
and choose a number A which is divisible by the same prime factors as Ay, is divisible by M, and such
that M and A/M are coprime. For each prime p|A/M, there is an integer n, such that p{ Pz(n,),
where Pz (n,) is defined in (2.8). We use the Chinese Remainder Theorem to choose an integer B
such that B = n, (mod p) for all p|A/M, and write

(2.7) Li(n) == Li((A/M)n + B) = aln + b,

where a}, = a;A/M and b, = a;B + b;. We then relabel each L}(n) as L;(n); £ will be M-admissible
by our selection of A, and will satisfy Hypothesis A(M).
We also define related quantities

k
(2.8) Pr(n) = HLz(n) = (an+b1) - (agn + by),
(2.9) Qq(L):={n:1<n<d; Pz(n)=0 (mod d)},
(2.10) va(L) = #Qa(L),
(2.11) A :=lem;(a;).

By the Chinese Remainder Theorem, v, is multiplicative, and moreover, by our normalization we
have for any prime p

(2.12) V(L) ;{ . gg*‘j’

We also associate to £ the singular series

wn el () T ()]

plA

which will be positive when £ is admissible. In particular, all primes < k will divide A.

Densities of linear forms:  Assume that a set of primes P satisfying the Siegel-Walfisz or
Bombieri-Vinogradov condition for an integer M is given. Also assume that r > 2 is fixed, and that
an M-admissible k-tuple £ = {L1(n),...,Lr(n)} is given. By Lemma 3.2, the E, numbers formed
from P have a density (in the set of all E, numbers) when restricted to arithmetic progressions
modulo M. This motivates the following definition:

Definition: Assume the notation and hypotheses above. We define the density ¢; of a linear
form L;j(n) = ajn + b; to be the density of E, numbers with prime factors in P that are congruent
to b; modulo M, as a proportion of all E, numbers. We also define the minimum density ¢ of L to
be the minimum of the densities of the L;.

These densities occur naturally in the statements of our results. In particular, each of our main
theorems contains the expression dp(M), which gives the density of “good” E, numbers as a pro-

portion of those represented by forms in L.

Construction of k-tuples of linear forms: To prove the existence of bounded gaps we need to
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construct M-admissible k-tuples of linear forms Mn + b; and bound |b; — b;| from above in terms
of k. The density of each linear form will in general depend on the residue class of b; modulo M, so
that we might need to restrict the b; to lie in certain residue classes modulo M.

Here is a simple recipe which can be readily applied to examples: For given k and m, let
b1,ba, ..., b, denote the k smallest primes larger than k, with restrictions on the residue class(es) of
the b; as needed. Then {Mxz + b;} forms an M-admissible k-tuple, which we then may normalize to
satisfy Hypothesis A(M). The constant C(r,v, P) of Theorem 0 is then given by by — b;.

It is therefore easy to determine C(r,v,P) in particular examples, as we do in Section 6. To
compute a general value for C(r,v,P) we could use quantitative versions of Linnik’s theorem (see
Chapter 18 of [14]), but we do not do this here.

2.3. Precise statement of results. We are now prepared to give precise statements of our results.
Our results are separated into three cases, depending on whether r = 2 or r > 2, and if r > 2, which
condition is assumed on P.

Our first result is for E; numbers, and is the natural generalization of Theorem 1 of [13]:

Theorem 2.1. Let P be an infinite set of primes satisfying Hypothesis BV (9, M) with ¢ < 1/2,
and let L;(x) (1 <i < k) be an M-admissible k-tuple of linear forms with minimum density 6. There
are at least v+ 1 forms among them which infinitely often simultaneously represent Eo numbers with
prime factors in P, provided that

(2.14) k> Mem/%wm.

Here B :=2/9, as in [13].

Remark. The constant implied by o(1) may be made explicit. Based on a careful analysis of Section

8 of [13], we may replace o(1) by
15, 1
s\k " Vi)

In the case of E, numbers for r > 3, we will prove the following bound subject to Hypothesis
BV (9, M):

Theorem 2.2. Let P be an infinite set of primes satisfying Hypothesis BV (9, M) with ¢ < 1/2,
and let L;i(z) (1 <1i < k) be an M-admissible k-tuple of linear forms with minimum density §. For
any r > 3, there are at least v+ 1 forms among them which infinitely often simultaneously represent
E,. numbers with prime factors in P, provided that

29By(r — 1)1, L,
(2.15) k> 3exp([W} )+2,
where
2
(2.16) B := max<19,r).

For P satisfying the Siegel-Walfisz condition, we will prove the following bound:

Theorem 2.3. Let P be an infinite set of primes satisfying a Siegel- Walfisz condition for an integer

M, and let L;(x) (1 < i < k) be an M-admissible k-tuple of linear forms with minimum density

0. For any r > 3, there are al least v+ 1 forms among them which infinitely often simultaneously

represent E, numbers with prime factors in P, provided that

290(r +4)(r — 2)!
dp(M)

(2.17) k> 3exp(| ]77)+2.
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Remark. We obtain similar results for somewhat more general situations. In particular, using an
appropriate generalization of Lemma 3.2, we obtain the same result for E, numbers p1ps - - - p,-, with
p; € P; for each i. As will be clear from the proof, we may also combine disjoint sets of F,. numbers
and add the appropriate densities.

2.4. Setup for the proof. We will prove our results closely following the approach of Goldston,
Graham, Pintz, and Yildirun [13] by establishing the positivity of a sum

k
(2.18) Si= >y (Zﬁr,p(l}i(n))—u> >

N<n<2N \i=1 d| Pz (n)

where the L;(n) are our linear forms, Pz (n) is as in (2.8), the A4 real numbers are to be described
momentarily, and 3, p is a characteristic function which selects the almost-primes of interest. Let
E, p denote the set of square-free I, numbers whose prime factors are restricted to P, and let
E, p(n) denote the set of E, » numbers whose prime factors are each larger than exp(y/log N). We
define

(2.19) Bn(i) = {

1 lf n e E'I",P(N)
0 otherwise.

Later, we will make additional restrictions to the support of 3, » as needed in our analysis. If S is
asymptotically positive for large N, it will follow that infinitely often v + 1 of the L;(n) represent
E, p numbers.

Our choice of the sieve coefficients Ay will be identical to that in [13]. We refer to [13] for an
overview and discussion; we will simply recall the relevant notation and definitions here. We remark
that all the arithmetic functions that we will define will only be supported on integers coprime to
A.

For square-free d with (d, A) = 1, we define a multiplicative function f(d) by

(2.20) fld) = oa(D) = o)
where
(2.21) 7i(d) == [ *.
pld
We further define the function f; := f * p. In other words,
p—Fk
(2.22) fi(d) : g —

To define the Selberg sieve coeflicients, we let P be a polynomial with positive coefficients to be
determined later (for the proofs of Theorems 2.2 and 2.3 we will take P(z) = 1), and we will define
a polynomial P by

(2.23) P(z) := /Om P(t)dt.

We will fix a level of support R = N'/5 for our sieve coefficients, for a parameter B that will satisfy
B > 4, B > r, and if Hypothesis BV (d, M) is assumed, B > 2/9. Eventually, we will obtain the
bounds in Theorems 2.1 and 2.2 for each such B, and therefore for B = max(4,r,2/19) as these
theorems claim.
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We define a quantity ys by

2 logR/s —
(2.24) Je = { 0 (S)G(E)P( oz ) if s < Rand (s,A4) =1,

otherwise.

Then, for square-free d with (d, A) = 1 we define our coefficients \; by

Ysd
2.25 A = p(d) f(d .
(2.25) v=H DY 1
The sum is over all s for which ysq # 0. With this definition we have the usual (see, e.g., [6]) Selberg
diagonalization relation

Aae :
(2.26) dz f([?i, ) Z fi(s)

which will allow us to evaluate S. We remark that with the choice P(x) = 1, the quantity ys is
constant for all s for which it is defined, so that the \; are essentially the same as in the usual Selberg
sieve. In various numerical experiments, different choices of P(x) have yielded mild improvements
on our results.

Finally, we introduce functions

)
(2.27) frd) = 2
(228) fitd) = e (@) = [[ 22
pld
. 11%(s)s Yms
(2.29) V= o) 2 g

Our proof proceeds from an analysis of the quantity S defined in (2.18). We decompose S as

k
Z Sl,j — I/S(),
7j=1

where
2
(2.30) S1,j = Z Brp(Lj(n)) Z Ad |
N<n<2N d|Pg(n)
and
2

(2.31) So= > PRy

N<n<2N \d|P.(n)

The sum Sy is evaluated in [13]. Choosing a level of support R < N'/27¢ for the \; (for any ),

Theorem 7 of [13] gives the estimate

S(L)Nlog"R [*
(k=1 Jo

The sum S, ; is similar to the one evaluated in Theorem 8 of [13], but is somewhat more complicated,

and we will prove a lower bound for it. Before stating this bound we recall our assumptions: r > 2

So = (1+on(1)) P(1 —z)%zktd.
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is an integer, £ = {L;(n)} is an M-admissable k-tuple of linear forms satistying Hypothesis A(M),
P is a set of primes of positive density satisfying either Hypothesis BV (¢, M) or (for r > 3 only) the
Siegel-Walfisz condition for M, and B is a real number satisfying B > 4, B > r, and if Hypothesis
BV (9, M) is assumed, B > 2/4.

Proposition 2.4. With these assumptions, S ; satisfies the lower bound

NG&(L)log" R [ - T 1
e e P(1— ——du,_y ... du.
B(lﬂ . 2)| /y_() ( y) Yy dy /ul . 1—12 u; d’lL 1 dU1

The bounds of integration on the u; are

515 2 (050(M) — on(1))

(2.32) l—y<u <ug <+ < Up_1;

(2.33) UL +ug + -+ Upo + 2ur—q < B.
In the case that Hypothesis BV (9, M) is not assumed, we have the additional bound
Up_1 > 1.

Remark. Theorems 2.2 and 2.3 are established by proving a general lower bound on the integral
occurring in Proposition 2.4. For small r it is possible to numerically evaluate this integral and
improve our results. For example, suppose that P is any subset of the primes of (relative) density 1,
and let ¢, denote the nth E5 number with all prime factors in P. Then our (numerical) calculations
allow k = 3, so that liminf, o (gntr1 — qn) < 6.

We will establish Proposition 2.4 in Section 4, and then give the proofs of Theorems 2.2 and 2.3
in Section 5. The proof of Theorem 2.1 depends on the analysis given in [13], as we describe at the
end of Section 5.

3. WELL-DISTRIBUTION OF PRIMES AND ALMOST PRIMES

Before beginning the proof of Proposition 2.4, we establish a couple of preliminary results con-
cerning well-distribution of primes and almost primes. We recall (as stated in the introduction) that
a set of primes P has Frobenius density if there is a Galois extension K/Q with the property that
those primes p € P, up to finitely many exceptions, are distinguished as those primes for which the
Frob(p) constitute a fixed conjugacy class or a union of conjugacy classes in Gal(K/Q).

We remark that the case where P is a union of arithmetic progressions modulo M is a special
case of this, with K = Q({).

Lemma 3.1. If P has Frobenius density, then P satisfies Hypothesis BV (¢, M) for some 9 and M.

In fact, we may take M to be the smallest integer such that K N Q(¢{ys) is maximal, and

2 1
3.1 9 =min( ——, = ).
&y (wras)
Moreover, see (3.4) for a value of ¥ which may be greater depending on the structure of Gal(K ({pr)/Q).

Proof. By the classical Chebotarev Density Theorem, P will be well-distributed modulo ¢ for any ¢
for which K N Q(¢,) = Q. Choosing M as above, P will then be well-distributed in residue classes
coprime to M.

The Bombieri-Vinogradov condition (2.2) follows from work of Murty and Murty [19]. Murty and
Murty prove that (2.2) holds with P in place of P,,, for any P that has Frobenius density. The level
of distribution ¥ depends on the choice of conjugacy class(es), but satisfies the lower bound (3.1).
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Therefore, we must prove that each P,, has Frobenius density. To see this, let C' denote the
conjugacy class(es) defining P in Gal(K/Q), and let [W} € Gal(Q(¢ar)/Q) denote the Artin
symbol of any prime = m (mod ¢), which will not depend on the prime chosen. There is an injection

(3.2) v: Gal(K(Cy)/Q) — Gal(K/Q) x Gal(Q(Cum)/Q)

which satisfies the relation

- L ([ WD ) ({Ké@]’ {@(Q;)/QD'

Letting C’ denote the (possibly empty) conjugacy class of Gal(K ((ys)/Q) defined by €’ = =} (C X

[7(@((%)/@}) we see that a prime p will satisfy [KT/Q} € C and p = m (mod ¢) exactly when
[K(CM)/Q]
P

€ C'. Therefore P, has Frobenius density as desired.

When C’ is empty, the conclusion (2.2) is vacuous. When C’ is nonempty, the bound (3.1) follows
from the criterion given in Section 7.2 of [19]. We have more precisely

1
~ max(2,i —2)’
where 7 is the index in Gal(K(¢ar)/Q) of the largest abelian subgroup H whose intersection with

C’ is nontrivial. As Gal(Q((ar)/Q) is abelian, we check that i < 1[K : Q] (if K # Q), and so (3.1)
follows for any nonempty C’. |

(3.4)

Our next result is a version of Hypothesis BV (¢, M) for almost-primes in [N, 2N] formed from
P. The result follows readily from work of Bombieri, Friedlander, and Iwaniec ([3], Theorem 0;
see also [2]), and gives a level of distribution ¥ = 1/2 with only the assumption that P satisfies a
Siegel-Walfisz condition.

Lemma 3.2. Suppose that P satisfies the Siegel-Walfisz condition (2.3) for an integer M. For any
r>2, any N, any x > exp((log N)'/4), and any residue class m modulo M, let P(x) denote the
subset of P consisting of primes > x, and let B, p, () denote the characteristic function of the E.
numbers congruent to m modulo M, with prime factors in P(x). Then B, p, () has level of distri-
bution 1/2 in the following sense:

With the notation
1
(3.5) Avp@(Niga) = > Bup @) — 2@ > Bepnw ),

N<n<2N U Nln<an
n=a (mod q)

we have for any A and some B = B(A) > 0 the inequality

(3.6) > max A, p, @) (N;q a)] <4 Nlog™* N,
g<NY210g~B N (a,q)=1
(g,M)=1

uniformly in x.

Proof. This is a variant of a result of Motohashi [20]. We will appeal to the aforementioned Bombieri-
Friedlander-Twaniec result, following the exposition in ([2], Theorem 22). We will prove our result
for integers of the form n = p; ...p,, where for each i, p; = m; (mod M) for fixed residue classes
m; modulo M, and p; > x. The result then follows by summing over all possibilities for the m;.

For simplicity, let a,. denote the characteristic function of such integers, suppressing the depen-
dence on N and the m;. Similarly, let a,_; denote the characteristic function of E,_; numbers
n =p1...pr—1 with the same restrictions.
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To apply the Bombieri-Friedlander-Iwaniec result, we will approximate «,. by a sum h of convo-
lutions f * g, where f and g will be supported in [X,2X] and [Y,2Y] respectively, for some X, Y
with XY = N and X,Y > z, and g will satisfy a Siegel-Walfisz condition. Estimate (3.6) will then
follow for h, which we will show is sufficiently close to «, to establish (3.6) for a, as well.

Fixing e > 0, we split the interval [z, 2N/z] into < 22X intervals of the type [t, (1 + €)t). For a

€

given t, let f denote the restriction of a,.—1 to [t, (1 + €)t), and let g denote the restriction of 41 p,,

to [N/t, %] We then let h denote the sum over all ¢ of f*g. The Siegel-Walfisz condition applies
to 51,p,,, and therefore to its restriction g, and so by Bombieri-Friedlander-Iwaniec, (3.6) holds for

each f*g. Summing over ¢, we obtain (3.6) for h with a total error
(3.7) < (1/€)Nlog*T' N.

Let ¢ equal the number of m; (i < r) for which m; = m,., so that ¢ counts the number of times
that an integer n counted by «, will be counted by some f xg. We claim that (1/¢)h closely
approximates the restriction of «,. to [N, 2N]. Both functions are supported in [V, 2N] and identical

on [N(1+¢€),2N( 1_1~_€)]. The difference on the intervals [N, N(1+¢)) and (2N(%+6), 2N] contributes

< ;(JZ) to each A, p, (2)(N;q,a); summing over ¢ (and over the m;) the total contribution to the
error in (3.6) is
1
3.8 <L eN —— < eNlogN.
(38) 2 e(q)

q<N1/2log=B N

Choosing € ~ log~*? N (depending also on z, so that log(2N/z2)/log(1 + €) is an integer), the
errors in (3.7) and (3.8) are both <« Nlog_(‘q/Z)"'1 N for any A, and this completes the proof.

We remark that the result in [2] is stated for M = 1 and an ordinary Siegel-Walfisz condition.
However, an examination of the proof in [2] reveals that this result remains valid as long as we
introduce the restriction (¢, M) =1 in the sum in (3.6). O

4. PROOF OF PROPOSITION 2.4

The proof of Proposition 2.4 will consist of a careful analysis of the quantity S; ;. We recall that
S1,; is defined by the formula

S1,j = Z Br.p(Lj(n)) Z Ad

N<n<2N d| Pz (n)

Switching the order of summation, we have

(4.1) Si,; = Z)\d)\e Z Br.p(Lj(n)).
d,e N<n<2N
[d.e]| Pc(n)
We now decompose the inner sum over £, numbers according to how many prime factors of L;(n)
divide [d, e]. Write

(42) Sl,j :TT+TT71+"'+TO,

where T}, is the sum over those E,’s with h factors not dividing [d, €].

To get a handle on these sums, we introduce a restriction on the support of 3, p. If P is known
to have a level of distribution ¥, we restrict to those E, numbers whose largest prime factor is larger
than the level of support R. If only the Siegel-Walfisz condition is known for P, we restrict further
to those E, numbers whose largest two prime factors are larger than R.
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With this restriction, the quantities Ty and possibly T} will be absent from (4.2). We have the
formula

(4.3) =% A > 3 By.p(L;(n)).
d,e

P1<-<Pr—n N<n<2N

; el | P
pellde]  ([TpolLy () {121 750

The dash on the second sum indicates that all primes must be in P. In the case h = r, the second
sum is omitted with []p; understood to be 1.

As products over primes will occur frequently in our analysis we introduce the notation ¢ := [, p;,
where the range of ¢ should be clear from the context.

The condition %|% depends only on the residue class of n modulo [d, ]/q. For any square-

Pr(n)

Lt 2nd

free x coprime to A, let Q*(x) denote the set of residue classes modulo = for which z|
write v*(z) := |Q*(z)|. We claim that

(4.4) v¥(z) = mp—1(x).

To see this, we first observe that by the Chinese Remainder Theorem, v* is multiplicative. If z is
prime, then we will have z|Pz(n)/L;(n) whenever z|P;(n) for any i # j. By Hypothesis A(M),
this happens for one residue class modulo = for each 7, and moreover, these residue classes are all
distinct. Accordingly, for « prime we have v*(x) = k — 1, and (4.4) follows.

We rewrite (4.3) as

(4.5) T, = Z AdAe Z/ Z Z BT,P(Lj (n))
d,e

P1<:<Pr—h a€Q*([d,e]/q) N<n<2N
pilld,e] q|L;(n); n=a (mod [d,e]/q)

Write n’ = L;j(n) = a;n + b;, so that a;N +b; < n’ < 2a;N + b;, with congruence conditions
on n’ modulo [d,e]/q and a;. By our choice of sieve coefficients, [d,e]/q and a; will be coprime.
Moreover, we may write a; = M - (a;/M), where M and a;/M are coprime by Hypothesis A(M).
We thus obtain independent congruence conditions modulo [d, e]/q, M, and a;/M. We introduce
the notation

o [dv e]aj
(4.6) U= oM
and we use the Chinese Remainder Theorem to combine the congruence conditions modulo [d, €]/q
and a;/M into a single condition modulo u. We thus sum over the n’ such that n’ = b; (mod M),
and such that n’ satisfies one of the congruences modulo u determined by Q*([d,e]/q). We will
denote the appropriate moduli by Q3 ([d,e]/q), and we observe that |Q([d,e]/q)| = |Q2*([d,e]/q)|.
Accordingly, we rewrite the above sum as

(4.7) =% Ah > S 3 Brop(n).
d,e

P1<-<Pr—h a€Qj([d,e]/q) a; N+b; <71,’S2ajN+bj
pilla.e gln’; n’=a (mod u)
n/=b; (mod M)

As ¢ is coprime to both v and M, we write g, and gp; for the multiplicative inverses of ¢ modulo u
and M respectively. Writing t for n’/q, we rewrite the above as

(4.8) Th=3 dade 3 3 3 B (t).
d,e

P1<-<pr—n a€®] ([del/q) (a; N+b;)/q<t<(2a;N+b,)/q
pilld.e t=ag, (mod u)
t=b;qn (mod M)
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This sum is now in a form for which our Bombieri-Vinogradov conditions can be applied. We recall
that we have restricted to almost primes whose prime factors are all greater than exp(y/log N), so
that we may use Lemma 3.2 and (when it applies) Hypothesis BV (9, M). We write

1 a;N
(4.9) Z Bh,p(t) = o) Z Bh,p(t)+Ap (jﬂ% aq—u) + 0Oy, (1).
(a3 N+b;)/q<1=(2a; N+5;)/q P o N/q<t<2a;N/q q
t=ag, (mod u) t=bjgn (mod M)

t=b;qn (mod M)

We denote as usual

(4.10) Ap(X,u) = max Ap(X;u,a)
and write
Th = My, + Ep,
where the main term My}, is given by
/ Tr—1(|d, e
(411) D DEV D D D DI T
d,e p1:~-~’pr—h|[d’€] SD ajN/q<t§2ajN/q

tzb]’q]\/[ (mod 1\1)

and the error F), satisfies

(4.12) Bl <SS mea(ldeel/a)(Anla;N/g, u) + O(1)).
d,e

We start off by showing that the error is within acceptable limits. In particular, we prove the
following lemma:

Lemma 4.1. If E}, is defined as in (4.12), we have for any U
E, <y Nlog_U N.

The implied constant is allowed to depend on all parameters other than N. It follows from this
lemma that the error from each of the Ej may be absorbed into the N - on(1) term of Proposition
24.

Proof. In (4.3) of [13] it is proved that
A < logh R < log® N.

We write v = [d, e], and for any fixed v there are at most 3*(*") choices of d and e so that v = [d, e].
Therefore, we have

/ v a;N a;v
Bl <log® N ST 3T 30 (D) (a2 E 1
| h|<< og 3 Tk 1(q> h p ,q]\/[ +O( )

v<R2p1,..,pr—p|v
Z (3k — 3)*0 [ A, oyN v +0(1) ).
q qM

< 10g2]C N Z/

p1<-<pr_n<R y<R?
pl'”p’!"*hl’“

Again writing u = a;[d, e] /qgM, we thus obtain

|En| <log®* N > > (Bk-3)c™ <Ah(aqu,u> + 0(1)).

p1<-<pr—n<Ru<ajR?/qM

/

(Here we have allowed our implied constant to depend on k and r, so that (3k — 3)«()~«() <« 1,)
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We now use Lemma 3.2 as well as (when appropriate) Hypothesis BV (¥, M) to estimate the
inner sum. To justify the use of Lemma 3.2 we observe first that for large N, (a;R?/qM) <
(a;N/q)?/(B+Bo) where By < B is our lower bound on B (e.g., By = 2/9 if BV (9, M) is assumed,
and By = 4 otherwise). We also recall that we are estimating almost primes with prime factors
> exp(y/log N), and Lemma 3.2 allows this uniformly as a cutoff for all choices of q.

Therefore, Lemma 3.2 together with Cauchy’s inequality, implies (see, e.g., Lemma 2 of [12]) that
for any U we have

> Bk =3)*"Au(a;N/q,u) <u (a;N/q)log™" (a;N/q).
u<ajR?/qM

Moreover, the contribution of the O(1) term is trivial (see Lemma 1 of [12]). Therefore,

!/
(4.13) By <log™ N > N/qlog™"(a;N/q).

We now make the simple estimates

1
log(a;N/q) > log R = 5 log N > log N

and (recalling that ¢ stands for Hi:lhpi)7
R

ZI 1/q < (Z %)T_h <log" "R <log" "N,

P1yPrh n=2
so that putting these estimates together gives

Ej, < N(log N)?ktr=h=U,
This completes the proof. O

Having dealt with the error for each h separately, we combine the main terms

My = Xk Z/ 71l el/g) > Bn.p (1),
d,e

o(u) _ .
P1seesPr—nl[d,e€] a;N/q<t<2a;N/q
tEb]’qA/j (mod M)

and we use the fact that

oa;[d, e]/q)
o(u) = (ajld, e]/gM) = —L=—"—="—~
to write
o 1e_1(]d, e,
(414) Si~T =M= A 3 MWI) S Bupn).
h d,e p1<--<pr—1 pla;la, € ql/4q ajN/q<n<2a;N/q
n=b;gn (mod M)
The sum over the p; is over those primes in P such that p; < --- < p,—1 < n, with the restriction

p1 > exp(v/Iog N) as before. We have n > R, which will be automatic because B > r and therefore
R < N'Y". For convenience, we make the restriction N /q > pr—1, excluding F, numbers whose
largest two prime factors are nearly equal. With this restriction, the only condition on n will be the
range written in the inner sum of (4.14).

We remark that in case only the Siegel-Walfisz condition is assumed we also have p,._; > R, and
so in fact p,_; will never divide [d, e]. Although this will be reflected in the bounds of integration
in Proposition 2.4, there is no need to reflect this explicitly in the notation.

At this point, we need to break up the contribution to S;; and 7" by residue classes modulo
M. In particular, for ¢ = 1,...,r, choose residue classes m; modulo M, and let m = {m4,...,m,}
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denote the set of residue classes chosen. Let T}, denote the contribution to T of those E, numbers
with p;, € P,,, for each i. Proposition 2.4 will then follow by summing over m.
For fixed m, we change the order of summation to write

(M) ! " AadeTr—1([d, e, q]/q)
m=fon X F ) SRR

a
ol 7)p1<---<p7«71 a;N/q<n<2a;N/q d,e

The sum over d and e is evaluated in Lemma 6 of [13]:

AareTr—1([d, e, ql/q) 1% (a) A\
(&.19) 2= el IR0 (Z“”y>

(Recall that the expressions f;(a) and y, were defined in (2.28) and (2.29), respectively.) We have
thus written M as a sum of nonnegative terms.
Accordingly, we may now use the density of P, and the Prime Number Theorem to incorporate
the estimate
a;N/q

log(a; N/q)

uniformly in ¢ < N'=Y/7 for any €, provided N is sufficiently large. Here 4, is the (possibly zero)
density of P,,,. The contribution from e will be absorbed into the o (1) term of Proposition 2.4, so
we may disregard it and evaluate

we  r=seing X ks s L (S o)

I pr < <ppe slq

> B1.p,., (n) > (1 —€)d,

a;j N/q<n<2a;N/q

aq_l

We make a couple of further simplifications. In the first place, by Hypothesis A(M), a; and A
have the same prime divisors, so that a;/¢(a;) = A/p(A). Furthermore, we have, for any € > 0,

log(a;jN/q) < (1+¢€)log(N/q)

uniformly in ¢ for sufficiently large N, so that we may replace log(a;N/q) by log(N/q) in (4.16) and
again absorb the error into the on(1) term in Proposition 2.4.
In conclusion, we have T > (1 — on(1))T”, where the main term 7" is defined by

" A ’ N 2(a N 2
(4.17) T" = 6T¢(M)m > log(éfq/q) l;féai (ZM(S)ya3>-

<P a
P1 Pr—1 (a,9)=1 slq

We will thus prove a general lower bound for T”. Tt is, of course, possible to derive an asymptotic
formula (in terms of a sum of integrals) for any fixed value of r. Unfortunately, the resulting integrals
are too unwieldy to effectively evaluate in Section 5. We did, however, numerically evaluate the
resulting integrals in several special cases. In particular, we determined that our lower bound for
T" is reasonably sharp. (The bounds in Section 5 are less so.)

We begin by restricting the sum over a to the range a > R/p;. As y), = 0 whenever as > R, we
will only get a contribution to the innermost sum for s = 1. We have

(4.18) T >T0 = (Mv(M)ﬁ Z/ bg]gfq/q) /Jﬁgzg (u2)”
p1<-<pr—1 a>R/p1 1

(a,q)=1

We will use several estimates from [13] to evaluate 7). The first of these is a combination of Lemma
7 and (7.1) from [13].
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Lemma 4.2. We have the estimate

«_ p(4) 5 (log R/a
4.1 = 1 P loglog R).
(4.19) yn I S(L)(log R) ( log R + O(loglog R)
The next estimate is a variation of Lemma 8 of [13].

Lemma 4.3. We have the estimate

W) _ A 1
(4.20) 2. T =9 m T oew

log" ™'t + O(log" 2 1),

a<t
(a,q)=1

for a constant C(q) satisfying
(4.21) C(q) =1—-opn(1).
For sufficiently large N, the constant implied by O(logk*2 t) may be chosen uniformly in q.

Proof. In Lemma 8 of [13] it is proved that

2
p*(a) A 1 k—1 k—2

4.22 ” = log" "~ t + O(log" “t).

(422 2 fia) ~ (A) (- 1IS(D) (log™2)

Introducing the condition (a,¢) = 1 on the left is equivalent to replacing A with gA, which has the

effect of multiplying the main term by a factor of

k—1
C(q) := H(l - p—l)
plg
The claim (4.21) follows because all » — 1 prime factors of ¢ are larger than exp(y/log N).
To justify that the O(log"~?¢) term may be chosen uniformly in ¢ (and N), we observe that the
implied constant in (4.22) depends on constants L, Ay, A, k occurring in Lemma 3 of [13]. Checking
the definitions of these constants, they may easily be chosen uniformly for sufficiently large N. 0O

We now begin our evaluation of 73). By Lemma 4.2, we have

(y5)? = <<'054m6(£)(10gR)]5(1(;§§éa)> + O(log Rloglog R).

We thus write

(4.23) T® =7W L O(EW),
where
P(A) o 2102 ' N/q p2(a) 55 (log R/a
(4.24) TW = 6,0(M)==6(L)*log’ R Y = A~ ——P
4 2 lw(Njg) 2= i@ \ IR
(a’7q):1
and
' N/q 1 (a)
(4.25) E® :=log Rloglog R Z — -
p1<-<pr-1 1Og(N/q) a>R/p1 fl (a)
(a,9)=1

We analyze the error term E(*) first. Recalling that log(N/q) > log R, we use Lemma 4.3 to write

1
E® « Nlogt~! Rlog logR<w 3 >
1< <Pr—1 Hipl
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We use Mertens’ estimate > . 1/p < loglogx to write

p<z

1 1\"!
(4.26) Z < (Z ) < (loglog N)" ' <« (loglog R)"*

p1<--<pr-1 H pi p<N

so that
EW <« Nlog" ! R(loglog R)"
which is negligible compared to the main term of Proposition 2.4.
To tackle 7™, we write the inner sum as a Stieltjes integral

wm 200 s Loy /R prlosfi/ty 1y i)
oy T1(@) log R R/py  logR = fila)
(a,9)=1 (a,9)=1
We define an error term E(t) by
2 A 1
i) =C log" "t 4+ B(t),

= fila) 9 A - 1e @)

(a,9)=1

where E(t) < log" 2 R by Lemma 4.3. The contribution of E(t) to (4.27) is

(4.28) /R ij P (kfng]é t) dE(t) = {E(t)ﬁz (fng;)} Z/m - ;l B0 (15 2 (kl)ngzét) ) .

As E(t) < log" ™2 R, the first term above is < log"™? R as well, and as P is monotone the second is

R
-, (1
< logk*2 R/ i (P2 ( 8 R/t> ) dt < logk*2 R.

R/py At log R

Therefore, the expression in (4.27) is

A 1 B (logR/t 1 —2
“"’N(l))@(A) DS /R/pl PQ(IOgR)d(logk t) + O(log" 2 R).

Thus,
(4.29)
S(L)log? R ' N/q B [logR/z _ _
7w > (brp(M)—on (1)) ———— Z —_ / P? d(logk la:)—i—O(logk 2R) .
k=Dt 4= 108(N/a) \Jr/p, log R
The O-term will contribute y
i N q
< log’C R Z —_—
p1<-<pro1 log(N/q)

which, by the same argument given in (4.26), is O(N log"~* R(loglog R)"~!) and therefore negligible.
We will introduce the notation

(4.30) () = /R i Isz(bliy>d(logkl o),

and rewrite the main term of 7™ (without the constants) as

(4.31) I = /1t / 110gNZ<f/q I(t2)d(r (t—1)) - d(m_y (1)),

tr—
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where 7}(x) refers to the number of primes in P, less than z, and ¢ now corresponds to the
product of the t;. The bounds of integration in the integrals over ¢; correspond to the restrictions
made earlier; we have t;11 > t; for each 7 and t1t5 ... tr,gtﬁl < N. We will continue to suppress
these from the notation for the time being

Using the approximation j(t) ~ 0; >, where 0; is the (relative) density of Py,,, we would like
to substitute d;dt;/logt; for each dm}(t ) The content of the next proposition is that we may make
this substitution at only a mild cost.

Proposition 4.4. Let € > 0 be fized, and let I be defined as in (4.31). Then we have

(432) Il 2 (51 e 6r,1 — G)I{,
where

- N/q . .
(4.33) = /t / ot (B0 ) 1),

The bounds of integration on I| are the same as those on Iy, with the additional condition that
tiv1 > (L+€)t; for each i with 1 <i <r —2.

With Proposition 4.4, we will have proved a lower bound for S ; in the form of an integral of a
smooth function; a change of variables will lead quite directly to the integral given in Proposition
2.4,

We begin the proof of Proposition 4.4 with two lemmas.

Lemma 4.5. Let g be a positive, nonincreasing, and differentiable function. Then, with the notation
above, we have for any A and B

B B
(4.34) /t g(t)drml(t) > (6; — e)/ g(t)d(li t)

=A t=A(1+¢)
for any € > 0 satisfying
(4.35) mi(t) — i (A) > (6; —e)(li t —1i A)
for all t € [A(1 +¢), BJ.

We remind the reader that the notation 7/(¢) is used to restrict to the set of primes P,,,, and in
particular does not denote a derivative.

Proof. The left side of (4.34) is
B

B
~ [t~ wa) L

A

B
436 [ gwa(ao - =) = a0 i)~ w0

=A A
Certainly if (4.35) holds, then we also have the weaker bound
7l(t) = 7(A) 2 (8 — ) ¢t — T(A(1 + ).

As % < 0, we conclude that (4.36) is

B
> g(B)(d; — e)(li(B) —li(A(1 + e))) — / (0; —¢€) (li(t) —li(A(1 + e)))%dt.
A(l+e)
Undoing the integration by parts, the above is
‘B B
(6; — e)/ g(t)d(li t —1i(A(1 +e€))) = (6; — e)/ g(t)d(li t).
A(l+e€) A(l+e)
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Our next lemma shows that the condition (4.35) indeed holds in the case of interest.

Lemma 4.6. Suppose € > 0 is given. Then for sufficiently large A and arbitrary B > (1 +¢€) A, the
condition

Ti(t) = w(A) = (3 — )l t —1i A)
of Lemma 4.5 holds whenever t € [A(1 + ¢€), B].
Proof. This is readily implied by the Siegel-Walfisz Condition, which states that for any U that

mh(t) — wi(A) > 6;(li t —1i A) —O(tlog™Yt) — O(Alog™V A).

7

We may combine the error terms to write

mh(t) — wl(A) > §;(li t — i A) — Citlog™Yt

7

for some C; depending on U and A (but not ¢). Our claim then follows from the chain of inequalities
€2
Citlog™Vt < Slit<elit—1li A).

The first inequality is obvious, and the second is true if i A < (1 — £)li(A(1 + €)). This relation

follows in turn from the asymptotic li z ~ lo‘gm. O

Proof of Proposition 4.4. To begin, we apply Lemma 4.5 to the variables ¢,_; through ¢, in order.
The inner integrals define a positive, decreasing function of ¢; for each ¢ > 2, and after §;411i ¢;41 has
been substituted for 7;, ,(t;41), the ¢; integrand will be differentiable in ¢; as well. We thus obtain
the formula

(4.37) I > (86,0 —c /t (t1 /t / logN]Qq/q d(li t,_y) -~ d(li t2)d(r, (t1))

where in the limits of integration, we have t;11 > (1 + €)t; for each ¢ with 1 <i <r — 2.
To analyze the (more complicated) dependence on t;, we choose an arbitrary small e; > 0, and
rewrite the above as

(4.38)
o t) . . /
Il Z (52 -~-5r—2 76) /t1 % o tl |:/ /t7 1 tl 10g H t7))d(h tr—l) d(h tg) d(ﬂ'l(tl)).

We wish to prove that for sufficiently large IV, the 1ntegrand defines a decreasing function of ¢;.
The quantity in square brackets is, because ¢{* log(N/(IT._ l)) is an increasing function of ¢; and
because the bounds of integration shrink as ¢; grows. It therefore suffices to prove that

1 1 B, logR/x h1
4.39 —I(th) = —/ p? d(lo x
(4.39) = (t1) = S ( log R )d(log )

is also a decreasing function of ¢y, for t; > exp(v/log N). To prove this, we make the change of
variables u = logt;/log R, y = log x/ log R to rewrite (4.39) as

1
(k —1)(log"™! R)e‘“_“)mogR/ P2(1 - y)y*2dy.
1-u
The derivative with respect to u is

(440) (k= )flog ™" Rpe e P2yt 1 A1)y 2y ) (~(1-r)log ).
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We wish to prove that when N (and thus R) are sufficiently large, this will be negative for those u
allowed by the condition t; > exp(y/log N). With this condition, u will satisfy

Vg N 1
log N)~/2.
> TogR (log N)
Recalling that log N > log R, (4.40) will be negative if

1

(4.41) (log N) P2(1 — )y 2dy > P?(u)(1 — u)* 2.
1—u

We break the proof of this into two cases. Let a be the real solution to (1 — a)*=2 = % with

0 < o<1 When u > «, (4.41) follows from the fact that
1
P2(1—y)y"2dy > P*(u)(1 — u)*?
l-«
uniformly for all w; this last inequality follows as the right side is bounded and the left side is fixed.
When v < a, it is enough to show that

(4.42) (log N) /1 1 P2(1 — y)dy > P?(u).

We prove this when ]52(:(;) = 2¢ for a positive integer ¢, and then the result for general P follows by
linearity. The quantity on the left is

(4.43) (log N)/ yedy = Ci T (ulog N) > u¢(log N)Y/? > u,

0
which proves (4.42) and therefore the fact that the integrand in (4.38) is decreasing. Accordingly,
Lemma 4.5 applies, and Proposition 4.4 follows. O

In summary, we have proved the inequality

NG&(L)log? R
(k—1)!

1 /R 52 log R/ k-1 )
P d(log" " x) |dt,_1...dt;.
[ Tmerrtoares Uy, 7o yaost™ ) Jaos..

We have slightly shrunk the bounds of integration to introduce the condition ¢;11 > (1+ €)t;, where
€ > 0 is a constant that may be chosen arbitrarily small for sufficiently large N. The constant
implied by on (1) depends on this €; we shall control this dependence by choosing € = ¢(N) so that
€ approaches 0 as N grows.

We obtain a similar inequality for Si ; by summing over all m. We write

(4.45) §j = 010y

(4.44) T > (01 0pp(M) —on(1))

The sum is over all m = {my,...,m,} for which m;---m, = b; (mod m). Then ¢; is simply the
density of E, p numbers congruent to b; modulo m as a proportion of all £, numbers, as defined
earlier. We make the change of variables u; = logt;/log R (for each i) and y = log z/ log R to obtain
NG&(L)log" R y

(k—2)!

1 ! - _
/ / B->uw)]] u</ . P(1—y)*y"* Qdy)dur—1...du1.
u1 Upr—1 [ 7 y=l—u1

(4.46) 51,5 = (8;9(M) —on(1))
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For convenience, we introduce the further simplification

1

B — Zz U; B’
and we switch the order of integration to write

N&(L)log" R 1 - 9 k—s 1
S1,; > (9, (M)—ON(l))i/ P(1—y)’y"“dy [ ... ——dup_q ...duy.
J J B(k — 2)' y=0 Ul Up—1 Hz Ui
The bounds of integration are
u; >1—y,
Vieg N

44
(4.47) up > log R’
(4.48) wipr > u; +log(l+e) (1<i<r—2),

UL+ Up_o + 22U, < B.
In case Hypothesis BV (¥, M) is not assumed, the condition p,_1 > R imposes the bound

(4.49) Up_q > 1.

The integrand is nonnegative, so we may pass to the limit as N — oo and ¢ — 0, so that (4.47) is
superfluous and in place of (4.48) we have u;11 > u;. This is the claim of Proposition 2.4.

5. PROOFS OF THEOREMS 2.2 AND 2.3

The proofs of Theorem 2.2 and 2.3 will proceed by establishing lower bounds for the integral in
Proposition 2.4,
1

(5.1) I*(r,k, P, B) := /

y=0

1
Uyr—1 Hz Usq

We let I~ denote the integral with the restriction that w,_; > 1, and we let [T denote the same
integral without this restriction.

These integrals seem somewhat difficult to estimate closely, so we shall content ourselves with
somewhat simple estimates.

We begin with the following identity:

P(1 fy)zy]“Qdy/ du,._1...duy.
uy

Lemma 5.1. Forr >2 and 0 <t < 1, we have

1 1 1 —1 r—1
/ / 7du,._1...du1:%.
wur=t Up—1=Up_2 Hz Uj (7’ - 1)

Proof. This follows easily by induction on 7. O

As the integrand of I*(r, k, P, B) is positive, we may derive a lower bound by restricting the
range of integration. We consider the bounds

1 1 1 1
(52) / [N / / 7dur,1 N dU1
Jui=t Up—2=Upr_3 J Up_1=Upr_2 Hi Uq

for I, and

1 1 3 1
(53) / NN / / 7du,4,1 . du1
uy=t Up_2=Up_3 JUpr_1=1 Hi Uj
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for I~. Considering the bound (2.33), these will be a subset of our original bounds of integration if

B >rfor IT, and B > r 4+ 4 for I~. The restricted bound for IT limits attention to almost-primes

whose smallest r — 1 factors are less than R; the bound for I~ limits attention to almost-primes

whose smallest r — 2 factors are less than R, and whose next largest factor is between R and R3.
Using Lemma 5.1, we thus obtain

(54) IJF(T? ka PvB) > ﬁ /y_o P(l - y)2yk72(_ log(l - y))rildy

(5.5) I (r,k,P,B) > ﬁ /yo ]5(1 _ y)2yk72(710g(1 B y))riZdy.

Here we have made the simple estimate log3 > 1 in (5.5). Write a for r—1 or r—2, and fix P(z) = 1,
P(z) = z, so that we need to bound

1
(56 Takyi= [ (1= gl — y)
y=0
Fix a parameter « € (0, 1), to be determined later, and restrict the range of integration to those «
where y*=2 > a. We obtain
1

J(ak) > a / L (1 - )2(~log(1 — )%y

y=aF-2

l—ak—2
=a/ y*(—log y)*dy.
y=0

Integrating by parts, this is

1 a 4 (a)(a—1) _ al | 1—a®2
3 a a—1 a—2
0y [5(~ logy)" + 5 (— logy) ! + 15— (“logy)* 2 + -+ ],
= a1 - %)’ [(~log(1 - %)) + 3(~log(1 — aF=)" 4o L)
3 9 3a+1
We thus obtain the crude estimate
(5.7) J(a, k) > %(1 — a2 )3(—log(l — aF2))".
To estimate the quantity 1 — aﬁ, observe that
1—aF—2 = l1-a —,
l_l’_ak—Q + +ak—2
so that
11—« 11—«
5.8 <1—qF <
(5-8) k— 2 “ alk—2)

We thus estimate

and deduce that
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Therefore we have established the estimate

NS 0 10 (10 e (220,

where a = r — 1 if BV (9, M) is assumed, and a = r — 2 otherwise. We multiply by %, the number
of terms, replace ¢; with ¢ (which is the minimum of the ¢;), and subtract vSy to obtain

(5.10) S = N&(L) logkR[(l ~on(1))oeM) o (1 - a)slog”’ (CM> - (1+0N(1))m’

(59) 517]' Z (]. — ON(].))

B(k—2)la!3 \ k—2 1—«
To prove that this is positive for large N, it suffices to prove that
kdp(M) a (1—« o ak —2) v
A1 - 1 D —.
(5-11) Bh-2a3\k-2) ®\1-a ) R

We sort this out a bit to obtain the condition
K2k—1), ,(ak-2) 3vBa!
——log > .
(k —2)3 -« do(M)a(l — a)?

The ratio of k terms at left is greater than 1, and just slightly so as k gets large, so that we can

replace this with
log® alk —2) S 3vBal
& 1-« dp(M)a(l — «)3

3vBa! 1 @
log(k — 2) > [&p(]VI)a(l—a):‘]a —log (1—a> .

Choosing o = 1/4, we have

and thus

256 vBa! ;1
log(k — 2 —_ @ +log3
og(k —2) >[5 &p(M)] + log
and thus 29y Bal
vBal,1
k a
>3exp([&p(]w)] )+

To prove Theorem 2.3 we take B = r +4,a = r — 2. To prove Theorem 2.2 we take a = r — 1,
thereby obtaining (2.15) for each B > max(2/¥,r) and thus for B = max(2/9,r) as well.

We conclude with a sketch of the proof of Theorem 2.1. In the case of F; numbers, (4.14) re-
mains valid, and reads

' Tk 1([d. e, p]/p)
Sij~ Z Aide Z SR IE o(M) > B1.p(n).
jld.e,pl/p) . ,

a; N/p<n<2a;N/p

nEbjﬁM (mod M)
This is the same as the sum occurring immediately before (5.6) in [13], except for the restrictions on
n and p. As the sum over n is immediately estimated using the prime number theorem, we obtain
a factor of do corresponding to this restriction.

We also need to take into account the restrictions on p. In the evaluation of the analogous sum

in [13], the authors use the estimation

Zlogp =u+ Z(u)
p<u

for an error term Z(u) satisfying

Z(u) < wexp(—cy/logu)
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by the prime number theorem. In our case, we have

Z/ logp = d1u+ Z(u)

p<u

where Z(u) satisfies the weaker Siegel-Walfisz condition
(5.12) Z(u) < ulog™*u.

One checks that the estimates in Lemmas 10-12 of [13] remain valid with the weaker error term (5.12),
so that the estimate for S; ; holds with an additional density factor of §;¢(M). The remainder of
the analysis in [13] then proves Theorem 2.1 for any B > 2/4, and thus for B = 2/9 as well.

6. AN EXAMPLE

In this section we use work of Ono [21] to give an example of how the constant Cg of Theorem
1.2 can be made explicit. We consider the elliptic curve E := X((11), given by the equation

(6.1) y? = 2® — 4% — 1602 — 1264.

(For an illuminating discussion of some interesting properties of this curve see [16], Ch. 11). Ono
establishes the existence of a set of primes S; of Frobenius density %, so that for any square-free
integer ¢ whose prime factors are all in .S, we have

rk(E(—11¢),Q) = 0.

Moreover, Ono explicitly describes S; as follows: The natural action of Gal(Q/Q) on the 2-division
points of F(—11) induces the surjective representation

ps : Gal(@/Q) — GLs(2/22),
which satisfies

tr(ps(Frob,)) = a(p) (mod 2)
for all but finitely many primes p. (Here a(p) :=p+ 1 — #E(F,), Frob, denotes the Frobenius at p
in Gal(Q[f(x)]/Q), and f(z) is the cubic in (6.1).) The set S; is the set of those primes p such that
tr(ps(Frob,)) = 1 (mod 2), and the Chebotarev density theorem implies that Sy has density 3.

By Murty and Murty’s theorem [19], S; satisfies Hypothesis BV (¢, M). To compute M, we
calculate that the discriminant of f(z) is —2% - 115, and the only subfield of Q(f(x)) that will be
contained in any cyclotomic field is Q(1/—11). This field has discriminant —11, and so will in fact
be contained in Q({11), so M = 11. We may then use (3.4) to compute 9 = 1/2.

We will forgo a detailed analysis of the density of Sy in arithmetic progressions, and instead easily
obtain a somewhat large upper bound. We will choose an admissible k-tuple with each b; in the
same residue class modulo 11. For some choice of residue class we will have dp(M) > &, so we may
apply Theorem 2.1 with B = 4 and dp(M) = %, obtaining k = 4574. Let p1,p2,... denote the
primes larger than 4574; choosing a subset {p;} of 4574 of these in the same residue class modulo
11, {11n + p;} will form an 11-admissible 4574-tuple.

We may guarantee that 4574 of the p; are in the same residue class by choosing from the first
4574 - p(11) + 1 = 45741 primes larger than 4574. Referring to a table [4] of the primes, we conclude
that there are infinitely pairs of square-free m and n with

tk(E(—11m)) = rk(E(—11n)) = 0,

and
|m — n| < 559286.
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